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I. INTRODUCTIOR

A+ The FPull-¥ave Heetifier Circuit with a
Capacitive-Input Filter

Since about 1928 most radio receivers have taken all
of the power needed to operate them from alternasting voltage
sources. The heaters of the tubes are supplied by alter-
nating voltage stepped down through s transformer to the
several voltages rﬁqaireé; The plates of the tubes, on the
other hand, regquire a direct voltage of the order of two
or three hundred volts and are supplied by a transformer,
rectifier, and filter circuit which ateps up the alternating
voltage, rectifies it to become pulsating direot current,
end then filters it tv produce constant direct current.
During the last dozen years this type of direot-curreat
power supply has been standerd in almost every device employ-
ing electronic tubes and operating from aztgrnating voltage
sources. Among these éawiaesvmignt be iﬁ@k&éﬁﬁ amplifiers,
eathode~ray oseilloscopes, vseillators, television receivers,
and radar eguipmﬁﬁtg

There are many variations of the rectifier and filter
oirouit that are used in these devices, but the'méat popular

one probably is that of the full-wave rectiffer eircuit with



a oondenser~input filter cirouit. This type of filter
evolved guite naturally from the low-pass type of filter
used in telephony work. At first it was suffieient to use
the well<known attenuation formulas for a low-pass filter
to design the smoothing filter necessary for a given smount
of gélaatian or ripple voltage at the power-supply load.
It was very quickly noticed, however, that the filter hed

a profound influence on the operation of the rectifier, and
the two cpuld not with any degree of success be considered
separately. ‘

This realization led t0 analyses of the circuit which
attempted to treat the circuit not as a filter problem, but
as s oireuit problem modified by th§ behavior of the %ubes.
Much of the difficulty encountered in analyzing the oirouit
stems from the non~linesrity of the taha'aharéataristiaa.
One method pf overeoming this difficulty that has met esﬁ~"
siderable success in practicel epplicatioms of rectifier
ecircuits is that of treating the tube-voltage-drop character
istic as nade of two siraight lines. Another diffieulty
is that of finding the steady-state solution of the prodlem
without the use ol FPourier series, sinoce to approximate the
impulsive type of current flowing in the tube requirss too
many terms in the finite Fourier series. i new steady-state
operational celoulus was developed to obviate this diffioulty
and was found t0 be useful not only in reetifier eircuit



studies but in all eirouits studies involving repeated
pulses and non-sinusocidal wave forms.

All of the analyses made 80 far are limited in their
application to actusl eireuit design by the faot that the
basic assumptions made are so severe that the aﬁ&lysas are
useful only irn & amall region. Ibn some cases the results
of the analyses are useful only for one velue of a parsmeter
such as one frequeney. An analysis of the rectifier cirouit
is needed that will liberalize the basic assumptions
sufficiently so that the circuit operation san be presented
over the whole range of oircuit parameters involved an& that
is exact enough so that the results may be used in the design
of the c¢ireuit. It is the purpose 0f this investigation

to present such sn analysis along with its results.

B. HReview of Literaturs

In 1931, ¥heatoeroftl® used two straight lines to represent
the tube characteristie and applied a method of successive
approximations to a Fourler series to obisin the current wave
forms of the full-~wave single-phase reetifier ocirouitwith
a sinple induetive filter. He discussed the application of
this method to & condenser-input filter c¢irecuit but 4id not.
actually use 1t. Les” in 1932 showed how the helf-wave
condenser-input cireuit oould be saivaa approximately with



the chief assumptions that there was no transformer, tubs,
or filter induetor voltege drop and that the filter inductance
was infinite. The same year Terman® mede an analysis of the
eircuit taking into aceount the tube and transfomer drop

and making the assumptions that the condenser oharged imstan-
taneously &t the peak of the aspplied ?ﬁl&aga‘uuxafaaé that
the filter inductance was infinite. For the first time
charecteristis ourves suitable for design work were given,
slthough the assumption that the condenser charged instan-
taneously vitiated the results except for light lvads., Free-
mant in i@%&, while a graduste student under Termen, mede

an improved analysis essuming that the tube hed a constang
resistance while conduoting nnd the filter inductance was
infinitely iarg&. The results were presented in the form

of design ourves which were valid unfortunately only for. one
frequency and which covered a rather narrow range of values.
The results of this thesie appesred in twe other works by
mmangx 1o,

In 1935 &taut? used the method of succesive approximations
to the ¥ourier series t0 soclve the dircuit using the assumption
that the tudbe had zero voltage drop when condueting. One
example waes given with ciroult wvalues specified and with the
eireuit wave forms shown. Ho characterisi ¢ ocurves or

design informetion were presented. aaﬁwﬁg‘-infzﬁss assumed



that the input capacitance was infinitely large asnd presented
characterietic surves taking into account the effect of tube
resistance and trsnsformer resistance and resctance. This
analysis gave good results at light loads, but the results
progressively became worse as the load increased., In 1943
%itehellg rmade an enalysls sssuming thet the transformer re-
ectance was nexgligible, the tube hed a constant resistance
while condueting, that the fillter inductance was infinitely
large, and thet the eondenser charged linesrly. sgsin this
analysis seemad 10 pive good resvlts =1 light loads but not so
govd at hesvier ones,.

© A1l of the snalyses excepled {hose of st&ut? and ?raemanl
involved assimptions that begane 1&8& valid as the lcad be-
ceme hesvier. Only the snalysis of Stﬁﬂt? ¢ould be used for
finite filte?’iﬁ&uﬁtgﬁa@s, hut the necessity for ineluding
80 mary terms in the Fourier series probably is tne'reaaan
why it heg not been used. It Is spparent that an aﬁalgsis is
needed thet will be usable from.open-circuit to short-cireuit,
that will describe the action of tﬁa‘aireait all ot‘tha vay
fronm very large filter Inductances to ones 80 small that the
phenomenon of £1lter resonance appears, and that will glive
characteristic curves that may be used in the design of

rectifier and filter cirouitis.



II. THE STEADY-S7TATE CPERATIONAL CalCULUS

4+« The Transforms

Originelly it was decided to try to solve the equivalent
eireuit by the use of differential equations. While theoreti-
cally feasible, this method, in préetiéu, entailed so meny
difficulties, particularly that of determihing the arditrary
econstents, thﬁt it wes abandoned. The newly &evula@gﬁ steady-
state apératisaal caleulusil was next considered, because
there would be no arbitrary constants to evaluate and there
 would be no transient terms mixed up wWith the desired steady-
state solution. |

Since this caloulus has not been applied to aayVatnbr;»
problem as yet, the principles involved will be reviewed. Lhe
central iﬁﬁé af.fais operational esleulus is the tr&ﬁnf&xa‘
‘gctnally’thara are twb transforms, a direet and an inverse trans-
form. éhg direct transform operates on any time function such
as a voltage or current and produces the vaiﬁag& or current
| expressed in the operational form. The inverse transform re-
verses this procedure in that it,nyarataa on any ap@rakiaaal
form such as a transformed wvoltage or eur#aat and produces the

original time function which is the actual voltage or ourrent.

The simplest way then of applying this csleulus to & cireuit
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| is to obtain the direct transform of the applied voltage
and divide the transformed voltage by the operatiomal
impedance of the eircuit. The quotient of the transformed
voltage divided by the operational impedance is the trans-
’fswmaé eurrent, and this transformed current mey be opersted
upon by the inverse tranaform to produce the sotual current,
a time function. Essentially the above is an outline of
the method used in the presenti case.

The direct transform is

S[ee]- [er s 2

where the time funetion to be transformed £{t) has the period
T and p is a complex number. The funotion £(t) is assumed
to be bounded and to have at most & finite number of discon-
tinuities. Appendix A eontains s brief explanation of each
symbol used in this theslis.

The inverse irsnsform is

Sl-sf 2w
4

where P{p} is the fupetion to be transfTormed snd ¥ is the

path of the complex integral ass shown in Pig. 1. The path
¥ has two separate parts, ¥; and ¥y, traversed in the

-directions indicated by the arrows. The path ¥ must include



&
>

~
£

| ﬂﬁﬁ -i&}s-

£\
"~
}
S—
P

o

=1 2 Wy

™

."1305;

m m&h w xnﬁumt&mt for the




within it the points Jncy=in 2M/T where n is a positive or
negative integer or gero, The path ¥, to be used later is

the ssme as ¥ _ except that the direction is reversed. The

' twa symbols Eaaaa s=1 {ndicate the direct tranaform and the
inverse trensform respectively. The function F(p) is
‘assumed to be akfanatian analytic everywhere in tha finite
ggrt ar'gna eawglax plane except for a finite number of poles
as singularities iﬁ’?&ﬁﬁ finite part of the complex plane.
@hﬁ.!ﬁﬁﬁtiﬁﬁ F(p) must not have any essential singularities
or branch points in the finite part of the plane. This
aasnmp%iéa is general encugh 30 that it will include all cases
enuaanteraé in the particular problem at hand. All of the
palea mf ¥(p) must lie to the left of ﬁa

?k& éireat transform may be evaluated for a given time
funetion by tresting p as a sonstant and using an ordinary
table of integrals. The svalv&t&an of the 13?&:;& transform
requires some knaxia&ga of th@ theory of r&siéuaa‘ Either
: a Fourier series or a sum fanﬁtian way be a&taiaeﬁ, but only
the sum funetion was desired for the problem st hand so only
this one method of evaluation will be ﬁisﬁuaseﬁ, The inverse
tramram“ from "{%1 may h& expressed as two savaﬁat& 3:;tugra1s:

S F[Pﬂ 2 / e”ffjfé’_) e
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P
= 2’7/ Lo

The path of 1atagraﬁian,%l of the rirst integral of (3) is
the same as that of the inverse trensform of the ordinary

operational esleulus and mey be eveluated in the same manner.

Ff_/_—()
// =7

2 Fé’)‘//”"zj/e’a(f-r)F(F)/,o*"“" 2 (4]

{

Z”/
and when 0 < t < 7,

,
277/€ f,(,’f) P= Zgr/ AR p (5)

which may be evaluated by caloulating the residues at all
poles to the left of ?1, The seocond integral of (%) may be
evaluated by ealeunleting the rasi&&ig at the poles to the
leoft of W%,

The inverse transform is unique, 1.e., it has one and
only one wvalue for a given value of ¢, whereas the direoct

transform is not unique, There is one value of the direot
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trapsform that is anzéne, however, and that is the trensform
'P(p) which has no poles snywhere in the finite part of the
eomplex plsne. It is also the transform obtesined always from
(1) and will henceforth be caslled the griﬁit&vp direct trans-
form. Since the direettransform is not uniquely determined,
it follows thet certain funoctions Of p when substituted in

the inverse transform are zero.

B« Cirouit Theorems

Three simyle theorems sre necessary before this method
may be’apyiiséyfa the solution of steady-state oirecuit

P by ¢ hl%ﬁ * m g6 are: :

1. If _6((.6)__:5"[;;(,?7/ £(t)= SQZF(F)]J

‘\w@ /:(P)-‘: Z”/ /_;(’D)J

A=

Vi a '
wen A()=Z T @ ,
This theorsm may be inverted if F{p) and Fp(p) are primitive

trensfores.

2. 11"7({)_—.— 7(0)+/?(0/—t and g(t)
0

is continuous, then



i2

Spef-#0-er )@+ f Sfra).
s, 1f 7@) - c(gt(f)[ ~end £{t) is continuous,

then 5[7(-527=.§ (r— sfPT)F[O)+ /JS[f’(t)].

Both the second and third theorems may be applied as e Ry
times as is pecessary. The initial eonditioms g(0) end £(0)
in the sbove theorems corresp ond to the arhitraxyl constants
in the solution using differential equations. When these
initial conditions are used in a ¢irouit solution by means
of the steady~-state operationael esloulus, they will a:iiraya
be multiplied by a function of p which when substituted in
the inverse transform is zero. Henoe, the initia) conditions
aiﬁaya disappear in the finsl svlution, and, in effect, this
iaéiaatas that the second and third theorems may be written

as:

2. 1r 7(‘0'—* 7(0)-[—[?@(0&{5

then 5[7(1‘)]:;!— 5) ﬁ(f)] ‘ (e)
3, If 7[-6)-.—. d/gt(f)zj v

then 5[? (fy___. P S, [f{(‘)] {7)
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Alternating <
Voltage

¥ig. 8. The Sohematie Cirouit of aﬁ Reotifier and Filter,
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drop seross them, and while not condueting, their
resistance is infinite. |
2. When initially not conduoting, the tubes start
condueting when the voltage across ihem becomes zero,
When initially condueting; the tubes stop conducting when
the current through them become s zero.
3. The voliage source snd transformer have no
resistance and reactance.
4. ‘The inductor has no resistance.
5. The induotance is constant for all currents
and frequensies. .
6. The oondengers are equal and constant in
eapacitance and have a zero power fastor.
7. The load resistor is constant in resistancs wd
has no inductance or capacitance. | /
8. The voltage source is sinusoidal and of constant
freguency. _
%. The output voltege of the transformer is sinuspidal,
and the center tap of the secondary gives exactly the
samne qawnwm¢ on both halves of wwu secondary.
10. The steady-state condition i1s assumed to have been
attained.
1l. Each tube conducts onoe during each oycle and
conducts for an mamwm wmau than or sgual to a half oyele,



17

12. There ie no overlap of the conduoting periods
of the tubes.

The most serious of these essumptions are those listed
under 1, 3, and 4, and the errors imtroduced by these
assumptions will in most cases be negligible as long as two
conditions are satisfied. These are that the load resistor
is aaﬁataﬁtially greatar ﬁhan the sum of the resistance
of ons half the secondary winding of the transformer, the
resistance of the tube when eondueting, and the resistance
- of the induotor; and that the tube and and transformer re-
sistance and resctance are less than the reactance of the
first condenser. When these conditions are not fulfilled,
discrepancies should appear between experimental results
and the reanl#éiar this snalysia. The errors caused by
these assumptions oan be reduced to some exteat by
corrections which will be introduced later. In most
practical ceses these assumptions will hold fairly well.

B« The General Case

By the use of the assumptions listed above, twd

| equivalent circuits may be set up as shown in Fig. 3.

Fig. 3{a) gives the equivalent olircuit for the period during
whioh the tube is conduoting, while Pig. 3{b) shows the



1
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Fig. 3. g%n Equivalent Oireuits of the
Reetifier and Pilter, (a) Tube
condusting, (b) Tube not cone
dusting.
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equivalent oircuit to epply during the period of no con-
duction. The equations for the currents asnd voltazes in
the circuits were set up and then solved by the use of
the steady~state operational ealcoulus. This is outlined
in Appendix B. 4 method for the eomputation of the con-
duetion sngle 7 of one tube is presented, and the actual
results of the computation for the point a =~ 0.6 and
b = 5.0 are also presented, The solution given in Aprpendix
B shows that the tube angle depends only on the two independ-
ent variables, a 261236 and b =wCR, where a :60313 is the
ratic of the reactance ¢f the filter induoior to the resct-
ange of one filter condenser snd b = «wlR is the ratio of the
load resistance to the reactance of one filter condenser.
It is shown furthermore thati under the sssumptions made all
of the aharaateristias‘ef this reetifier cirecuit depend on
these two varlables alone. |

It was found that for values of a and of b somevhat
greater than five greater accuraey was required than
that afforded by the use of the glide rule. This would
have meant that a prohibitively large mount of time would
have been consumed in caloulating each point., The values
of a and of b used were for this reasson confined to flve
and below except for the bouundary points where either or

both a and b are sssumed infinltely large. Filter resonance
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geems to oceur at o = 0.5 for at that vslue of a the sum of

the reactences of the two filter condensers and of the in-

duc tor is zero. These reactances should be calouls ted using
the fundameutsal ripple fregqueney which is twice the supply fre-
quency. While the caleulation of several points was attenpted
for a < 0.5, no complete solution was obtained because no value
of 7 eould be found that would make &, =5, in equations
{B-28) and (B~30), where (B-28) apd (B~-30) indicate equations
(28} and {(30) in Appendix B. It may be that the correct value
of 7 has heen overlooked,or what is more likely, that the
solution no longer holds for resonance. The caleuls tion of

one polnt, that of a = 0.85, b = 1.0, has, however, been con-
pleted, showing that a solution is Dbtainadle for smaller values
of a. Since ﬁa svlution has veen Obtained for a = 0.5 and
since the problems of practieal importance at present have a
always greater than (.5, the lowest value of a used in the

analysis was O.6.

C. &pecial CUases

There are two special cases of this general solution
which, it was decided, would be better to consider separately
since the solutions of the special cases differ in many

details from the genersl solution. One of these special cases
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is that for a-—>occ , This might be considered the case of
an infinitely large induetor in which the current flowing
through it is comstant. One method of attacking this
particular s-ecial case would be to allow a—°° in the
general solution and 10 evalumte the resulting equations.
This was not done because the solution for this gpecisl vcase
is quite a bit simpler than the genersl solution and it was
obtained before the generel solution was finished. The out-
line of the solution for this special case is presented in
- Appendix C, and it will be noticed that differential
aquatiang were used in the solution rather than the steady-
state Operation caloulus because the operatiovnal ocaleulus
had not been developed at that time. Later a was allowed
t0 approsch infinity in the general solution, and shen the
resulting indeterminent expressions were evalusted, the
aalati&a as obtained from the general solution was found to
agree with the solution obtained earlier. It is shown in
Appendix ¢ that the tube conduction angle 7 is a function
of the one garaﬁétsr b =GR for this special case. '

The athér special case t0 be considered here is the case
where each tube is conducting $$a<aegfsaa whieh will be
ealled the non-cut-off case. This name was adopted becsuse

eurrent in the tude is not cut-off or stopped by the
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action of the partioular type of filter cirouit used.

The eurrent in each tube is stopped rather by conduetion
starting in the ath&r'xnbﬁ, and a form of commrutation between
the tubes 1s set up 1n which the current switches fron

one tube to the other asnd baek again. The main problem

for this special omse is not that of finding Y which is
known to be 180 degrees, but that of finding the bdoundary
or dividing line detween the cut-0ff snd non-cut-off cases.
This e¢an be acocomplished by solving for the valuves of a

snd b which will make the tubc ocurrent i, zerc at one

point and positive everywhere else, The leading current
teken by the first condenser in the filter requires that
the point of zerv tube current oecur at ¢ = T. This yields
one equation involving a and b, and if e value of a is
&yaﬁifieﬁi the corresponding value of b may be calculated.
The outline of this method is presented in apppendix D,



Iv. THE CHARACTERISTICS OF THE RECTIFIER CIRCUIT

A« ‘The Tube Angles, 7 and 5

The cheracteristics of the of rouit thet are of the most
use in the design of the eirouit and in predetermining its
properties are the tube angles, the ocutput average voltage,
the ripple, the peak and average tube currents, and the pesk
inverse voltage on the tubes. The calculation of these
various charascteristics have been presented in the seversal
appendices, i.e., Appendix B for the general case, Appendix ¢
for the speciasl case of & —oo , and Appendix D for the
non~-out-of'f ease.

The angle 7 during which the tube conducts 1s presented
in ¥Fig. 4 as & funotion of g = w®e for verious values of
b *WCR. ¥For a fixed velue of w2IC this angle varies from
zero degrees at open-c ir‘mitr {WCR— 2} to 180 degrees
inm‘-;aﬁt-afr cese) for #glwa of wOR in the neighdorhood of
0.6. For smaller values of wCR down to zero (short-eireuit),
7 is equal to 180 degrees. With «CR fixed, the angle 7
varus little for velues of w2IC above 10, but for 210 less
then 10, the variation becomes consideradle especially es
filter resonance is epproached (w®IC = 0.5). The angle /[
st whieh the tﬁﬂfﬁ& atops conducting is presented in Fig. 8
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 4in e similer menner to that used for ¥ . For a fixed valwe
of w21¢, & varies from 90 degrees at open-cireuit to 180
degrees for values of 4CR in the neighborhood of C.8. TFor
smaligr values of #CR, the non-gut-0ff condition oeccurs,

and 7 is equal to 180 degrees. The variation with «CR fixed
is similer to that for 7 . fThe angle X at which the tube
starts conducting may be taﬁaé'by the uge of the relation,
X=F~7. Inereasing the load of the rectifier cireuit has
the attwi of ineressing both angles S and’ Y, while A is
‘decreased. The effect of approaching resonance in the
filter is similar in that sngles 4 and 7 are increased,
while X 1s d#ar&aaﬁé.

B» Averasge Output Voltage

One of the most important characteristics of a reetifier
sireuit is the average output voltage. This voltage may |
be pbtained from the ratio of the average output voltage to
the maximum value 0f the sinusoidal voltage scross one-half
of the trensformer secomdary, Bg,/Bm. The ratio Eg,/E, 1s
given in Fig. 6 as a faaﬁzian ar«uaza for various values of
WCR. The zero was suppressed 80 that the curves would be
more useful in aQsiga work. For a fixed value &rcnais, the
ratioc deoreased from s maximum of unity for wCR — 00

{open-eirouit) to 0.86366 for »CR equal spproximately to 0.8.
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For values of (JCR from 0.6 to zero (short -cireuit} the
nan»cnt;aff case applies, and Eﬁc/Em Z 0.6366, For m
fixed value of «CR, the ratioc By, /E  varies very little
‘rur‘ggLQ\;arger than 10, but for smaller velues of »®1C,
tha‘ratia changes considersbly especially as w?1e approaches
the fiite& rcsonance value of 0.5. In genersl the greater
the engle  through which the tube fires, the closer the
ratio ?aa/ﬁm epyroaches the non-cut-off value of C.8366.
Similar;y the smaller the angle becomes, the closer Egdc/‘fgEi
approeches the no-load value of unity. Again both inereasing
the laa§ on the rectifier circuit and approaching filter
' resonance have a similar effect, that of msking the ratio

B40/E, approach 0.6386 more closely.

C. Ripple vnitage

The ripple vbltage across the load resistor of the
reetitigr¥eireu1t is another important characteristic. It
may be obtained from the per cent ripple r which is defined
ag 100 times the ratio of the effective value of the
rundamnn$a1 ripple voltage appearing across the load resistor
to the average vpltage Eg, across the sawe resistor. The
reason for using only the fundamental ripple voltage is

that this type of filter attenuates the higher ripple fre-



e

e

quencies sa'maeﬁ more than the fundamental that in y;aatiat
bnly the fundemental is sufficiently large ta'w&rrént'aa@*
ai&&ratiéaf Since this eireuit is & full-wave type, the

- fundamentel ripple frequenscy is always twice the supply fre-
quency. As given in ippendix B the per cent ripple was
valeulated across the first filter condenser by the use of
the Fourier series of the condenser voltage, and the per
cent ripple scross the load reeistor was found by multiplying
“the per cent ripple across the first condenser by the gain
in the filter at the fundamentsl ripple frequeney. It was
found that for large values of a and of b, the per cent
ripple across the first condenser when plotted against the
variables (1/a) or {1/b) produces nearly straight lines.

ﬁﬁe empiriocal equations of these straight lines ﬁar& found
and when multiplied by the attenuation of the filter, gave
an expression for the per cent ripple aoross the losé re-

sistor. This expression is

o ) y
a /aa®+b8(4a-1)°
and the error in the per cent ripple will be less than

r

five per cent if e =2 and D=5, The myiz&éal&x derived
sonstents ere 31,5 and 6?@2§* The equation {10) will be

applieable in many of the problems epncountered in practice



particularly those in whieh the eircuit is lightly loaded,
It expresses the per cent ripple for the region where
each tube is Iiring only a short time, the output voltage
is‘high, and the chmrges on the filter condensers 4o not
vary much. Henoce, the per cent ripple in this cese will
only be a few per cent at most. As the rectifier cirecuit
is loaded more heavily, tka’tayy angle inereases, and the
amdount Of charge supplied to end teken from the filter con-
densers twice each coyole becomes an appreoiasble smount of
the total charge on the condensers. This mesns a high per
cent ripple, snd instead of presenting sn empiriesl equation
for this region, the per cent ripple is shown as curves
in Fig. 7. For eclarity in presenting the curves, «CR has
been used ss the abscissa, while ?h& curves are drawn for
constant values of WS LC. For wW2LC constant, the rip:le
inereases from :erd for wCR— oo {ppen~circuit) to a maximusm
in. the vieinity of «CR equel to unity and them approaches
zero egain as wCR epproaches zero {short-ecirouit). PFor
a fixed value 0f wOR, the per cent ripple inereases from
Zero rar<wﬁ£s—4ra0{inf1ﬁitaly larze induetsnce) toward
a maximum 68 wZLC epproaches 0.5 (filter resonance). When
GWCR 1is less then epproximately 0.6, the non-cut-off
gase applies, and the per cent ripple eguation is that of
{ﬂ;ﬁi. ¥or the non-out-off case, the per cent ripple
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'}. scrose the first filter condenser is 47.14 per cent, and
this ripple is m&ltiy&isﬁ by the gain in tke filter whioh
spprosches zero as wCR approaches zero (short-circuit}.
Tht‘rﬁﬁﬁﬁﬁ for this is that for low values of «CE most of
the ripple voltage appears across the inductor and very
little of it appears across the output load resistor,
wiile sll of the average voltage appears aoross the losd

resistor,

D« Peak Tube Current and Yoltage

In choosing the reotifier tubes ar»in d@t&r&iadng'ioﬁ
much eurrent a given reoctifier tube can deliver snd still
stay ui%hinyitg rated wvalues, the peagk tube current required
by the action 5?‘%3@ Tilter eirecuit and load resistor is needed,
This peak tube current may be obtained from the ratio Py
of the peak t&ﬁg current ta tk& average current for one tube.
?ﬁﬁ‘valaéa of iﬁié€§§tza fﬁr ?arians values of wCR and
co£h€‘§r§ giﬁué;ia ?&hlﬁsféiv and 8. It may be noticed from
these tables that for a giv&a'va1uaia£‘w§R, the value of Py
inereages a:igh%ly‘at aﬁﬁﬁ inoreases tram'@*ﬁ, approaches
'a'maximnm, and then decresses slightly es a— o . The total
variatién,ih saéli and for prectieal pur:oses may be neglected.

It 1s sufficient then to use the values of Pp fOr ome value
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and egustions. These valwe & may be obtained by plotting values
taken from the curves and @gﬁaﬁi&ﬁ&'alang~with vaiaﬁa,rﬁr the
end points such es those for a—»eo, ageinst one of the inde-

- pendent variables s, b, (1/a), or {1/b). Tuis method is useful
also to interpolste for values located beiween the Curves
presented here. The oharacteristie owr ves have been plotted
in such & fashion thst they 4o not depend in any way on the
value of & particulsr parameter, such aa‘a‘gartiﬁaiatrsr&qunﬁay,
and thus are equslly ss applicable at other frequencies than
the sixty-oyoles-per-second frequency used in the experimental
tests. This, of @5%&3&, presupposes that the assunptions are
still tenable. |
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V. EXPERIMENTAL WORK

A+ Preliminary Experiments

Early in the research work for this thesis 1t was realized
that the problem could be solved wholly mathematieally, wholly
experimentally, or as a combination of the two methods. It
was realized, too, that the most satisfaetory mnthﬂé would be
a a@mhinatiaﬁ of both experimental and mathematical snalysis,
and this wae used, |

Preliminary experiments were made uiih the cireuit to
observe the angle of conduetion of the tubes. The measurement
'ar the inductor in the filter was done but with no attempt for
any great agcuracy because ihe preliminary experiments were
for more of a gualitative observance of the operation of the
éireﬁit than a quantitative g@#, For example, no attempt was
mede to cohserve the affect afvaﬁy direet c¢urrent in the in-
duotor or the effect of varyigg the amount of alternating
current. The rated capacitance of the condensers was
ued without eny attempt to measure it. These experiments showed,
however, that a variation of cbsg produced a greater change
in the charasteristics of tha eirevit than a similar change

in'aggcg The angle of conduection 7" in the tube was cbserved



to vary from zero degrees for an open~ciwouit load (wCR —o°)
to 180 degrees for «wWOR gmall; The phenomenon of the 9aang¢‘
from the cut-off to the non-cut-off type of operation was
observed, and it was realized that the non-cut-off case
would heve to be studied separately. The effect of filter
resonance was also observed, but it was not realized at the
time that the mathematical sclution might break down for the
region in which filter resonance ocecurs.

~ In the mathematiesl solution an estimate of the value
of 7Y was needed to shorten the labor of caloulstion, and
this estimate could be found from the results of the pr@é
liminery experimental work. This work also facilitated the
riﬁﬁina of several mistﬁk&s‘xn the derivation of the equations
for the mathtmaiiaal solution., For example, one of the first
attempts at caloulating a point showed that the solution
would occur at a valuve of the angle 7 in the neighborhood of
50 degrees, while the experimental work showed that it shoudd
ooeur iu'tka neighborhood of 13¢ degrees. VUpon re-examination
and cheeking the derivation, a mistake in sign in ome of the
eguations was found. WVhen the equations were ea:r§étea, &
value of 7 in the neighborhood of 130 degrees was found to solve
the equations. |

A more exact experimental snalysis of the circuit was made

later for two reasons, first, to verify the saleulated results
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cient capacitance so that they would introduce megligible
reastance, fhe;matnr ?k was used ta‘ﬁnaeﬁruztha alternating
voltage applied to the bridge, while the meter Ay was a
éira#£~aarraat?ammﬁtar used %o measure the direoct current
flowing in the inductor. The trensformer coupling the
alternating-voltage supply to the bridge had a low enough
 resistance so that not muoh direct voltage sppeared across

it and was operated well below its rated capaecity so that no
diatortion of the applied sine~wave alternating voltage was
cansed by the direct current flowing in the trans:armar. The
detector used was & cathode~ray oscilloseope, and the
alternating-voltage :aaran'!aa‘mﬂnitsraé by another cathode-ray
oseillosoope to see that its frequenoy and wave form 414 not
shift, In some cases the reslstance ngis necessary to obtain
enpugh resistance Tor s sensitive bridge balance, dut in this
case it was found that az eould be left zero,

The balance equations for the bridge gave the following
expressions rfor the inductance and for the appsrent resistance
of the inductor: |

L = Ry Ry Cg | | (12)

Ry= RiC3z = Rp. {13)
The direot current Ipg flowing through the imductor was messwr ed
by the meter 4,, while the alternating ourrent Igﬁ was celeulated
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from the alternating-voltege reading Vy by using

v
- 1 .
Iac © (14)

/ARy+RerRy )B4 (1)
The bridge was set up along with the yﬁwer‘sﬁpélina and
detector, and the following values were chosen: Ry = 100 ohms,
Rg = O ohms, C = 0.705 mfd,, and frequeney = 120 cycles per
second. For greater sensitivity R, should have been higher,
but this was the highest value that could be used snd still
stay within the current rating of the decade box. Actually,
the sensitivity waé guite good snaugﬁ for the purpose at hand.
The applied alternating voltage was varied, and the direect
current was zero for the first part of the test. The results
of this part of the test are shown in Takie 1. TPor each
value at-the aztarauiing,valtaga ?i;itha bridge uaa}§a§an¢¢ﬁ '
and readings taken of the raaista&atfﬁilanﬁ the capeecitance
G - The inductance L, the apparent rasisﬁanat‘gﬁ, and the
alternating ourrent I, were then caloulated by means of
{12), (13), and (14) respectively. The second part of the
test consisted in increasing thav&iﬁ%¢t~eurrant from zero to
200 miliiampgr&a’ﬂﬁish.xak epproximately the maximum direct
surrent that was to be used in the filter cirouit, and then
r#pen%iﬁg the first part of the %ﬁst, The results of the second
part are given in Table 1 also, |
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TABLR 1

Inductance iMeasurement of the Western Electrie

- Pype 107A hetard Coil

K
v, | Ipg c, R, L R I

volts | milli- | miero- | Ohms | henries | ohms milli-
ampereg | farad - esmperes
29.15 0.0  0.390 102,400 7.225  180.7 5.34
58,0 0.0  0.380 104,500 7.360  185.4  10.45
86.4 0.0  0.380 105,800 7.460  185.4  15.35
146.8 0.0  0.380 107,400 7.580  185.4  25.85
179.5 0.0  0.380 108,000 7.610  185.4  31.25
£09.6 0.0  0.377 108,500 7.650  187.0  76.30
£39.5 0.0  0.376 108,800 7.680  187.4  39.95
28, 200.0  0.440 101,500 7.160  160.2  5.55
56.6  200.0  0.400 103,400 7.290  176.2  10.79
 91.4  200.0  0.390 104,900 7.400  180.7  16.60
120.9  200.0  0.390 105,700 7.450  180.7  g£l.82
| 148.6  200.0  0.390 106,400 7.500  180.7  26.63
180.4  200.0  0.390 106,900 7.540  180;7  32.17

210.2  200.0  0.390 107,400 7.580  180.7  37.25 |
238.3 ° £00.0  0.390 107,800 7.610  180.7  42.20
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%ﬁg variation in the industance L was small, and the

induc tance increased with inereasing alternating current
and deoreased with inereasing direct a&rtua@. The range
in al%axﬁating eurrent used was somewhat &arcltkau that
expected to be encduntered in ﬁn« actual filter eireuit
operation. The apparent resistance R, was small enough
gompared 1o the reactance of the induetor so it would not
affeot the action of the filter to sny appreciable exteat,
The direct current resistance of the inductor was fﬂnng to b§
83,18 ohms, and it 1s interesting to notice that the apparent
r&aiﬂmn ‘was spproximately five times as great as this
direot aarraaﬁ*&asiataaaa@=

f In using the rectifier filter cirouit a8 an/@x@ey;menéal
ehnék on the aalﬁﬁlataé;wagk, it was deecided to vary wWCR
with w2LC fixed at ome vslue. This necessitated choosing
a v#l&a of L from the data presented in Table 1 eand assuming
that L did not change from this valus. For 220 volts alter-
nating voltage agplied to tké reotifier cirouit from cne-half
of the transformer secondary, the maximum fundsmental ripple
voltage appearing aoross the first filter condenser i{s 93.4
volte. If it is sssumed that all of this ripple voltsge
appears acrosa the iaéaa&ar, the ripple current would be approx-
imately 16.8 millismperes. It was decided to use the value of
the induetance for an slternating eurrent of one-hslf of 16.8
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or 8.4 milliamperes and for a direct current of 100 milli-
ampe res as representative average values. The selected
value of inductance was then 7,27 henries assuming that the
inductance decreased linearly as the direot current inereased
wiich wes found to be a good first approximation to the

actual varistion.

€. Measurement of the Filter Condensers

mww value 0f w® LC to be used in the experimentel test

was selected as 2.0 to facilitete comparison between experi-
mental and ecsloulated aaunwaa and to allow aﬂaﬁmw range of

uvmw 80 that the non-out-off case e¢ould be reached. This
meant for a supply freguency of sixty cycles per second, thet
two ocapaeitances of 1.935 microfarads had to be made up by
combining available condensers. A general purpose bridge®
was set up with each of the two ratio resistance arms contain-
ing w decade resistance box, one of the other two arms ocon-
tained a decade capacitance box and a decade resistance box,
and the other arm contained wmw condenser to be messured.
The sourece of voltage was a beat-frequensy Vseillator, end the
detector was a cathode~ray wua»wwmwaawn, When the bridge was
balanced, not only the capacitance of the unknown condenser

but uwa;u&n»wa umuwuwwmau as well could be esleulated. vVarious
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csombinstiong of the standard a@w@amwnWm wqm»wmwwa,uanu‘s@@t
and measured, end the two combinations finslly selected

had capscitances munme one per cent of the value desired.
The ﬁwwaﬂ gondenser copbination had & capaecitance of 1.925
mierofarads and a series resistance of 7 ohms; while the
seocond combination had a capacitance of 1.943 mierofarads and
a resistance of 12 ohms. Both of these resistsnces were
small compared to the resctances of the condensers at the

fundemental ripple wwamﬁumgw‘

D. Measuremsnt of the Tube Hesistance

The assumption of zero tube resistance when condueting
was necessary to make the solution of the rectifier and filter
eireuit feasible, but it impossed a rather severe restriction
on the agreement of experimental and caleulated results for
nﬁaww wmwzau_pm WCR. It was found by means 0T experiment,
however, that & simple and spproximate method might be used
to teke care of the effect of both the tube resistance and the
m»uaa»xuwanww inductor resistance. It was decided in the
beginning of the experimental work that since the effeot of
the tube resistance and inductor resistance was unkmown, both
should be made n&www_aunwama;mawﬂw to extremes, Thus it was
deocided to put aaa,auwﬁna,wa parallel ir «www,aww* in the
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same envelope but not to put seversl tubes in parallel

to éﬁtain en extremely low resistance., HKercury-vapor tubes
willngive a very low voltage drop during conduetion, but

they were not used for two reasons, fTirst, they are alwmost
never uged in Qréetiee with thie type of filter circuit, and
second, they do unut exhibit the almost constant resistance
charseteristic of vaeuum;tn%esay The mercury-vapor tubes
have an almost evastaﬁt'vaitage'ﬁray during conduetion snd
thua‘h&ve a resistence that varies widely with the current
flowing in the tube. |
The dicde vacuum tubes when condueting have a current

flowing through them which verles very nearly as the voltage
éarass the tube raiged to a power. The exponent involved is

usually between one end two with most values in the vicinity
of 1.5. 7he resistence of the tube thus varies but only
3lightly as éeéparaﬁ to the great variation of resistance
encountered in the mercury-vapdr tubc. There is, however, a
guestion of what definition of resiﬁtanca should be used when
applied to the tube, TFor exsmple the resistance to a small
alternsting current superimposed on a sizeable direct current
%will be practieslly the inverse slope of the tube current-voltage
characteristics at the peoint of the direct current, while the

resistance to the direct current itself will be the direet
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milliemperes for neer short-cirouit. It was decided to
take 100 millismperes as the point at whieh the resistance
was t0 be caleulated since for lighter loads the peak to
average tube current inereased appreclisbly. Upon looking

pver the oommercially #vaiiable tubes, it was found that a

| TABLE 2
‘The Voltage-Current Characteristic of a Type 83-V Tube
Two Diodes in Perallel

VYoltage across Current through

the tube the tube in
millismperes

14.03 178.0
12,01 151.0

10.62 126.0

a.88 97.5

7431 75.5

5,40 5l.4

2.86 : £5.9

1.57 14.%

group of newer diodes made especially for use with
eondenger-input filters had resistances thet varied from
about 175 ohms to 100 ohms. Most of these tubes have only
ene diode in ome envelope. The older group of rectifier
tubes all of whioch &aﬁ twp dicdes in one envelope, had
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resistances that varied from about 800 to 150 ohme per diovde.
From the latter group the tube type 83-V was chosen as the

one to be used, and the two diodes were paced in parsllel. |
Several of the tubes were measured tc mateh their repistances,
and a typleal set of data ﬁhawzag,fﬁa variation of eurrent |
through the tube with woltage across the tube is presented

in Teble 2. The averaged resistence of the two selected

83-V tubes was $1.7 ohms.

E. Consideration of Other Pactors

There aé@ several more minoy points whioh had to be
oonsidered before the test was performed. The most important
of these was the resistance and leakage reactance of the
transformer and of the saarau'sa;pzyiag the transformer. A
transformer and a source both of 1arg& gapacity were used to
keep this r&siszaa¢ﬁ~ama reaetanaa»isn 80 that it might be
negleoted. th resistance of transformers used in praetical
rectifiers usually cannot be negliested, but it ocan be isken
care of by including it with the tudbe resistance. This trans-
former resistance should be that of one ha$r~§t the secondary.
The reactance of the transformer ¢annot be eonpensated for
this way, and an extension of the enalysis would be necessary
$t0 ineclude i%. The vaitage unbalance in the secondary of

the transformer was found to be negligible, and the slternating
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voltage was m&asaraﬁ‘aéraas one-half of the secondary.

There may have been an impedance unbalence in the trans-
formey se¢ondary, bdbut ai#ee the irpedance was considered
small enough to be negleeted, the unbalance was neglected
also. The frequenoy was m@aaﬁr&ﬁ several times #ﬂé was

found to be within one per cent of sixty cyoles per seecond

at all times éuwing~the test so that no correotion was made
for it. The voltage wave form on the secondary of the traas~'
former was observed on the eathode-~ray oscilloseope several
times during the test and was a sine wave within the limits
of judgment by visusl observation. An appreciable smount

of higher hermonics in the line voltage would have affected
the ecurrent iatavthv Tirst filter condenser and thus affeoted
the starting and stopping angles in thé*tahasa 3%# this |
reasOn an analysis of the line voltage vas made by the
General Raéié ¥ave Analyzer, and tha'raaﬁlt was that no
'hgmmsnia'faltage large enough to praé&eﬂ an aygraaiabit change
in the first condenser current was found.

The leakage current in %ha filter oondensers could be
negleoted because paper condensers were used, In most Prac.
tiesl aaﬁen, eleotrolytic condensers with appreciable leakage
eurrent are used. To take care of this, the ltakdgn'anrxbat
should be added to the load earéaat when the output load

resistance is caleulated. Some rectified voltsge was oontri-
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' buted by the fact thet the tubes used had filaments supplied
with sit&rnatiag eurrent and th#t during varts of the cycle
part of the filament is negative with respect to the plate
causing electrons to pass to the plates Witk no gl ternating
voltage applied to the transformer, the direet #altég&~aaﬂaad
by this effeet was of the order of a volt or two and thus was
negligibly small compared to the voltagea to be used. This
effect would be much smaller if tubes with indirectly-heated
eathodes had been used. The measurement of the laaa‘raazstﬁfs
ﬁs&é wes ascgomplished by using a higheresistance direct |
voltmeter and &ireot-current milliammeter with the millammeter
connected in such a way as to measure the n&rre&t'tskcn by the
voltmeter. Since the voltage drop across the millismmeter
was a small part of a volt, the error caused by this drop was
neglected. The tubulaer wire wound resistors used as tkz'&éaé
have s very small reactance at the ripple freqneney of 120

- eysles per seoond.

F. The Experimental Test

The oircuit was set up as shown in Fig. 2 with the
various meters added to this basio circuit. An alternating
voltme ter was placed across vne-half of the transformer
secondary to measure the effective value of the ayglia& voltage.
A one-ohm resistor was placed in each balf of the transformer
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saaaﬁéary winding, right next tv the center tap &6 that
the tube sngles could be ovserved Ly means of s gathode-
ray oseililosoope. A direct vaitm&tﬁr and s wave analyzer
were placed in parallel seross the lpad resistor to
measure the sverage voltage and the ripple voltage at the

Ipad. 4 direct ocurrent willismmetler measured the current

TARLE 3
Test of the Peetifier Cireuit feor aﬁiﬁ - Be0

applied Effes~ '  wCR  Eg /R,
Alternating milli« va?%s tive degrees p@r
Voltage superes Ripple cent
225.6 3.16  305.5 0.5  17. 1@9 70.45 0.9575 0.1933
225.7 7.42 299.0 1.34 33,?8 20.40 0.9370 0.4480
£24e4 17.25 285.0 288 ~%;.?3 12.08 0,8980 0.969
£24.5 22,7 276,85 3,71 Sl .42° 8.885 0.8717 1.342
224.,2 41.0  250.3 5,80 68.27° 4.455 0.7887 2.717
285.8 80,5  215.7 9458  97.30° 1.953 0.65675 4.444
224.,2 = 188.,0 182,3 11,87 140. @eg 0.731 0,5755 6,506
113.2 40.7  107,7 4.97 99,30 1.929 0.8728 4,618

1 113.0 71.9 94,7 5.76 140.90° 0.960 0.5927 6.082

113.0 110.5 87.8 5.52 1BL.003 0.5793 0.5495 6.285
Iiﬁbl 1&?&& 5&17 écgﬁ 38@ Q& ﬁ;%&gg Qtﬁgg§~§n?§5

113@3 ’ l&?:? T9a7 d&gg klﬁ@a@& ﬁi%@g? &Qéan 41996

taken by the load resistor, the direct voltmeter, and the wave
analyzer in perallel. The results of this test at two input
voltages of 220 and 110 volts are shown in Table 3,



The Mu.né voltage (110 volis) was used when it became
apparent that with 220 volts it was not possible to g0 into
the non-eut-off region far enough and still stey within the
maximum current values for the tubes. The first r:&'m eolumns
of Table 3 m the experimentally obtained data, and the
hst‘ three columns are the caloulated results from these dats.
The pméwat‘ WER was obhtained by multiplying 2 7 , the
apzali#é frequency which was sixty cyeles psr second, the |
a%iséﬁ& M;aa;@&tazwﬁ of one Tilter condenser which was |
1.?:55 x 10~% rarads, and the load resistsnce R in ohms whioh
was equal to Bgqo/T. The voltage ratio E, /E_ mey be found by
dividing E, by B, which was /2  times the spplied alter-
mtmg witaggn The gz&x' &mt ripple r was obtained by
dividing 100 times the effsctive ripple voltage by the losd
| w}.taga Bie* |

The tube sngle 77 was ineluded in the experimental date
because of its value in m«aiﬁa‘km& how much the eirecuit has
been loaded end approximately when the nﬁn‘-émtwff border line
was reached. This border line was reached at coCR equal
approximately to C.6 as was predicted in the esleculations.
The experimentsl values of the angle 7 had their chief use
in obtaining an estimaste of 7 for the calculations. The
experimental and calculated values of 7 sgreed very oclosely,

but no extensive compe rison was presented bere because it was



felt that the eomparison of the average voltage ratio and

per cepnt ripple values were far more lmportant. What dis-
crepancies existed between calculated éaﬁ experimental values
of 7 oecurred at the higher values of tube curreat. For
‘exemple the observed value of 140.4° for < at «wCRr = 0.731

and at an aversge ourrent of 182.0 milliemperes has e much
larger discrepaney than the observed value of 140.9° for -

‘at CR = 0.980 and at an av@rag& current of 71,9 milliamperes.
No obgervable amount of overlap between the tubes in the
non-cut-off region was found, snd it is believed that the

small amount of leakage reasctance in the transformer prevented .

any sizesble overlap sngle from sppearing.

G. The Results for the iverage Output Voltage

The cxperimﬂntél dats far-sdafmﬁ from Table 3 are plotted
as-cireles in Fig. 9 with the ﬁaiaaiate& values shown as the
s0lid curve. The data are plotted a little differently than
that used in the presentation of the characteristiecs of Fig. 6.
- The quantity wCR 1s used as the variable in Fig. 9 while
®LC has the fixed Vaiaa‘arkﬁ;ﬁ. The zero is not suppressed
80 that s better idea of the agreewsnt of experimental and
celeulated resulis may be aﬁtéiaeé‘ One experimental point,

thet for «CR » 1.929, was not used because it lay very close
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Fig. 9. Average Output Voltage for 3.0 = 2.0. The aolid
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experimentel points, and the erosses ars compenssted
experimental points. o « -



WM GOUBINISSI PBOT B0 EGU STUL *OOUBISTIESI JojOuUpuI

PUB 9qn3 Jo juncwme a9yl Aq uwaawuumw 20UB3ISTISSI PBOT BUL
mﬂuawwmuuau 01 jueT®AInbe 8Y SIUL "e0UVISIESI pROT 9301 UL
ugesqo o3 1 £q °Pg Surpratp £q peyernoTme s eousysIEed N3
03 POPDPE 9Q PINOUR SOUVIBIESI POUTQWOO SIYL *SUWO §*¥IT Jo
oanmﬂuﬁwwm peulques (v3e} & Juyald ‘smyc L1 - saqny

oYL JO PUS SUUO QT'QE S9M JOIONPUT JOITIJ SUY JO 9OUBIBTERI
JUBIINO~300ITP OUL °*OEIE pesn og PINOHE LIBPUCOEs OUI JO I18Y
suQ Jo SOULIETESL eUl ‘SOUBIETESI oTqPYoexdds SRy JOWIOISWBIY
Y3l JI *31uUngeow Qjul uayu; mw aousyeIgad JI0}ONDUY PUB sqny
ou3 JT PeuTwIqC 8] sanIwA Hmwmaﬁwnaaua;@ma PO3BINOTED BUY
voen1ag jusuIsISu Joyieq UYonm ¥ Ariptdex fzeas sowvadpul
genies POBINOTEO DU [BIUSMIISCXS USSAISY SOURISJIID W3
‘0°¢ #oTaq Y07 Jo sanTBA I04 *ISWICIBUBIY BU3 JO LOUBYIBL
#3eNwal Yl JO SZIE oYY DUB @@ﬁwnwaaana auduy euy Jo @Tim

a3 £Lq Argqeqoxd pejrlwIy S8% 88II JO #3BI oYl puw *jrnoiie
1893 81Ul Ul SPUODSVOIOIW OOT IO xepdc ayi Jo Arqeqexd

g8y B9TJ JO oWy UL ATTETITUT 83J6318 WATIONPUCH UaYs
1UeIIMo 2qnl JO SSTI JO 818X mols 2y} £q puw deap eqny 8yl £q
pasned L1qeqoxd aJw JsUBTU puE 0N Jo PpocltIcquiiteuw 9Ey UL HO ™
Jo senfes YBIu J0J % mRA [B3uouTIad¥e PUB PAIIBINOTED Usemjeq
satousdeaosyy uBrie oyl *0°g 240q% HO,» jo BHRIEA JOJ

pood Arxpa 91 ganyea (mjusmigedys pus uawawwaﬂme Usanyeq

wﬁaﬁﬁwmmm auy +eyujced Tvjusniredre 8yl Jo Jeujouw o3



37

mualtiplied by wC will give & new vslue pf <CR. BoOth

the old values of «wCR from Teble 3 end the new compensated
values of (WLER are displayed in Table 4., No very great change
in WER oeeurs except for the values below 3.0, If the |
new total load resistance is multiplied by the current I,
‘both @ new value of E  and a new ratio Eﬁglgm result. This
compensated retio Eq,/Ey is given in Table 4 and is plotted
a§~¢rasaea-iﬁ/giga 9. Excellent agreement batween the
ealoulated amd the compensated experimental results ias

evident in the figure. Sinoe the compeansated points ditférA
very 11:&1# from the uneompensated points for «w CR 1aﬁgark
theﬁ 3.0, none of the compensated points ere shown for coCR

I&tgar than 3.0.

H. The Results for the Per Cent Ripple

The uncompensated experimental data for the per cent
ripple r from Table 3 are plotted as oircles in Fig. 1¢
with the caleulated values shown as a solid ourve., The curve
§aaathe‘aam# shape spd is plotted in the same menner as
the riggxa characteristics of Pig. 7 except that the vertical
acale ia lingar~aat logarithmic. The égreu&unﬁ~batwaanf
the caloulated and experimental points is very good for
the region of wCR = 28.0. Below this value of auﬁk
the diazrygaaay inoreeses rapidly and is largely caused by
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the inoreasing voltage drop in the tubes and the filter

inductor. It should be remarked that this voltage drop occur-

ring in the tube and induetor is important only for the direct

voltage not for the alternating comvonents of the ripple

voltage. For example, the magnitude of the'impeaanaa;

TABLE 4

‘Values of Table 3 Compensated for Tube Resistance

WEeR eompensated  conpensated compensated
from Table & w CR Eée/% r in per cent
70.45 70.50 0.9578 0.1931
29 .40 29.44 0.9390 C.4472
12.08 12,14 0.90486 0.%82
£.885 8.9686 0.8800 1,329
- 44455 4.543 0.80568 2.273
1.883 2.0486 0.7085 4.240
0.751 0.8215 0« 6470 5.78%7
0.960 1.062 0.8490 5.560
C.8708% C.8707 0.6360 5.430
0.4492 v 0.54086 0.6365 4.790
0.3097 0.4010 0.6480 S.858

of the filter inductor has a large effect on the ripple woltage

appearing in the 1voaed, but this megnitude is changed very

little by considering the effeot of the presence or absence

of resgistence in the inductor.

All of the ripple

¥0ltage should be considered as appearing across the
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original 1oed resistance and none aorpss the tube or filter
inductor resistances. If the measured ripple voltage of
Table 3 is éiviﬁaa by the compensated average putput voltage
By, 8nd multiplied by 1&@, the enmptnaefaé»pnr‘aaaﬁ‘rippit

r results snd is given in Table 4. These values of the
eam?eusatﬁa rigpie r are plotted as crosses in Pig. 10 and
indicate much better agreement beiwsen the calculated and
axp&rﬁm§n231 values. The small discrepancies still r&aﬁini&g
are probably caused by the fact that the tube sngle of
conduetion 7 is sltered by the effect »f the tube and inductor
resistance, and no method of eorrecting for this error is
known outside of an extension of the present analysis taking

these factors into aceount.
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inﬁ:r e&ra‘mt is, because of these facts, an excellemt power
gﬁpyiy for the smsller devices using eleotronic tubes and
requiring a fixed amount of ocurrent such as radiocs, oseillo-
scopes, emplifiers, and osoillstors. |

Assuming that the maximum ripple, the load current
end voltage, and input voltage end frequency ere known,
the rirst step is to select the size of the filter condenser
that would be most sultable considering the cost, ease in
gsmsarmg, and amount of filtering. OCbtain the magnitude
of cwOCR by finding the produet of 277 , the inrut frequency,
the cepacitance of the rilter condenser, and the load resistance
#hi&h is the load voltage divided by the load ourremt. From
¥ig. 7 which shows the ripple charasoteristics select the valus
of w?®LC that for the calouleted value of (CR will give
the maximum permissible ripple. Caloulate the smount of
inductance L necessary im the filter from this value of w®1o,
and see if an inductance of this smount or slightly higher is
available, If one can be gottem and if it will carry the load
eurrsnt, this induetor should be used., If it is impossidle to
find an induector satisfying these requirements, a new value
of the filter eapscitance should be selectied, and the mhole
progedure carried thmﬁsg again. ¥hen the final values of
' gapseitancs and inductance have been desided upom, the qmﬁﬁ es



W ECR end 5daga may be calculated. Then by the use of Fig. &
which gives the variation of Es./Ty, the value of Eg./Ey |
may be Obtained, and from the kﬁavn value Oof the load voltage
the value of E, may be caleulated. Thie will determine the
véitage rating of the aec&aﬁaﬁy of the transformer, and the
losd current will d etermine the eurrent rating. Here again
an adjustment may be necessary 1f the ratings of tha‘availabla
transformers are not close eniugh §a the values required. TO
select the tube, the three quantities, peak tube current,
average tube current, and peesk inverse tube voltage are
necessary. The avcrage tube current is onme half the load
current I, the peak tudbe @urrgnt'may'be abtaxge& trom {11},
and the peak inverse tube vDltage is 2§§. A tube ghould be
seleeted thet has all three of these retings higher than
. thoge required by the circuit. |

_ The tube resistance should be caloulated from its
a&araat&riatxea by dividing the voltage across it by the
aarzﬁntkthrsugk it at the point where the carrent through
it is equal to one half the load ocurreat. The sum of the
tube resistance, the éi@egt current resistance of the riltér
induotor, aud the direct $ﬂr¥&§$ resistance of one helf of
the transformer secondsry should be edded together. If this
sum is an appreciable part of the load rezistance, say

three to five per cent or more, both COCR and Bz, should be
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VII. DISCUSSION

There are several extensions of this analysis that could,
it is felt, be profitably investigated further. The first
is the behavior of the circuilt for values of a between 0.6
and 0.0 including the region in whieh filter resonance occurs.
This might necessitate an extensive revision of the math-
ematical procedure employed in this thesis. The second exten-
gsion is that of the half-wave rectifier with condenser-input
filter. The ﬁalf~§ava rectifier is becoming more and more
popular in small radio receiving sets, and an snalysis suit-
sble for design purposes in needed. This analysis probably
could be done by the method of Appendix B with 7T in the

expressions for Hy, Hp, snd H_ replaced by 277 . The third

3
one is that of teking aceount of the transformer reactance.
Probably the first step to be done here is an extension of

the case considered by Freemanl

, 1.2.,, the case of a—> 0O ,
taking into account both the transformer resctance and the

tube and transformer resistance and mseking the analysis genersl
enough 80 that it covers the full range of the other variables
and 80 that it is not limited by one particular valwe such

as one particular frequency. The next step would be the

removal of the restrietion of a—>o©0, This would undoubtedly
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prove to be é dirfiecult problem to solve, and it is quite
questionable as to whether the labor to obtain such a splution

could be justified.
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VIIL SUMMARY

In the lest fifteen years a number of snalyses of the
full-wave rectifier e¢irouit with & condenser-input filter
have been maéa* and seversl sf these analyses have presented
chareoteristic eurves whioh ovuld be used in the design of
the oircuits. These analyses used rather severe assumptions
in most cases, and the characteristiocs were spplicable only
over a small range of yaramﬁtar#. The present 1n¥u§tigatian was
started with the idea of using more liberal asﬁ&ﬁpizana |
and producing charaeteritios suitable Tor design work that
eould be used from open~eircuited to short-eirouited lbads‘
and with all values of filter inductances in practical use.

In the solution of the eireuit equations, the usual
method of differential equations was tried and abandoned,
and a new sieady-stete operational ealculus developed f§r 
this type of problem was tried and was successful in solving
thalﬁiraait-egaatiﬁna. This solution was made for various
values of the paramsters and was extended to the cases whers
one or moreof the parameters became zeroc or infinitely large.

The boundary between the out-off esnd the non-out-off
types of operation was abtainua, and the solution of the
non-e¢ut-off cese was made, The point of filter resonance
was approached very olosely, but difficulties with the solution

pﬁcrgatoé further investigetion of the resonance condition.
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XII. APPENDIX A-NOMENCLATURE

a = wﬁm.

A] = @ quantity defined by (B-7).

&g = the reading in emperes of the meter to measure direot
current im Fig. 8. -

b = wCR.

¢ = the capacitanoce in raméa of either the first a:.
seoond filter condenser,

€y = the first filter condenser of Fig. 2.

Cg ‘= the second filter condenser of Fig. 2.

%, C4 = the capacitance in farads of the decade capacitance
boxes of Fig. &. |

Cse Cg . by~pass, blocking eondensers of Fig. 8.

D = a determinant defined by (B-28).

Dgs D1s Pgy D3, Py = quantities defined by {(B~32).

¢ = the instantmmeous value in volts of the applied sinuseldal
‘voltege. | | |

» el{t} - qlft} /& = the inistsntanwua voltage aoross th&

first condenser.

Bl
E = J/Qe”y*a@t.
~ Koo ,
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EQ = a guantity defined by (B-36) and {B-37).

B, = the maximum value in volts of the spplied n@inu#aiﬁﬂ
voltsge. |

Eg = & quentity defined by (B-36) and (B-37).

Bdo = IR = the average voltage across the iaa& resistor R.

f = the fregueney in cyocles per seeond of the spplied
sinuscidal voltage. | |

r{t)= ‘funstion of t with the period T.

¥{p)*= & funetion of p. |

Py, Py, Fgy Fg = quantities defined by (B-10).

al
g = — and g is positive.

Fr ()"

g{t)= a funetion of t with the period T.

G;, Gg = quantities defined by (B~20]}.

G, = a quantity defined by (B-3l).

Hy, Hp, Hg = quantities defined by (B-23).

i, = peak tube ourrent. ‘

‘i{t)= the instantaneous eurrent im amperes 'tlwmg through
the load ﬁg&stﬂ&‘. , |

iL{t} % the in&tmtanwﬁa current in smperes flowing through
the filter induetor.
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1?(1;;} % the instantaneous current in emperes flowing through
the rectifier tube. 7

1;{(¢) = the instantaneous current in amperes flowing into
the first oondenser.

i1g{t) = the iﬁstaatéﬁaaus current in smperes flowing into
the second condenser. | | ;

I = the average ourrent flowing through the loed resistor R.

I,c = the slternating current in amperes flowing in the
igﬁuetar of Fig. 8.

ng = the direct ourrent in emperes flowing in the industor
of Fig. 8. |

V22 |
I. = / e“'@ti;ag with similar expressions for the pther
Yw :

1astantaaﬁ9ug currents.
Ky, Kg, X3, Kq» K5, K6, Ky, K8, Kg- = quentities defined by
o {m-27). o
L = the inductance in henries of the filter induector.

")

a
| 1 - /Ay ®_ 2
mg = P~ /(W) g
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T = period of vpltage or currents in seconds.
‘Tyy Ty = the tubes of Fig, s;
Uy, Up "= quentities defined by (D-2).
Yy = A yasitﬁe integer.
¥, = the reading in volts of the meter to measure slterna-
ting voltage in Fig. 8.
W, ¥, Wg, ¥z = paths of integration for the inverse trans-
form.
Xy, Xg, X3, X4, Xg X © quantities defined by (B-14).
¥y = a q&aﬁﬁ.tyéaﬁm& by {(D=3).
X = the sngle in rTadiams at whioh the tube T, starts
conducting.
/3 2 the angle in radians at which the tude T, stps con-
ducting.
an aﬁglgéafme& by {B-28).
an ax:g‘},é defined by (B-30).
=G - E the angle inm raﬁims of the time the tube T

u

R R

1
is conducting.

tan~t [M»tm 1y ana - rja=A=+7lg,
2wt s T [P
(2 m /7).

>
"

i

s
#
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XIIL APPENDIX B~SOLUTION OF THE CIRCUIT EQUATIONS
POR THE GENERAL CASE

A. The Bquations of the Eguivslent Circuits

The equivalent cireuit shown in Fig. 3(e) applies from
t= (/) to t = (A/w), $,0., the time that the tube
'i‘i is condueting. The circuit of Pig. 3{(b) applies from
t =0tot=(ofw) and from ¢ = {F/w) to t =1 s (7 /),
i.e., when the tube T; 1s not conducting. Hence i, must be
zero from ¢ 2 0 to t = (x/w) and from ¢t = {(AB/w) to
t=7 bét 1,1,, %ill have a value dietated by the olreuit and
the applied voltage from t = (x/w) to t = (@G/@). The tube
current i;,r will be solved for by ueing Fig., 3{a) first. The

eixeuﬁ equations are:

-
e = que
e = X,(éizféfﬂ + Ri
Ri = ngﬁ > {B~1)
i‘i’ = .tl + i;‘
40T 11,
Py

e
Let ¥ = / e Plgy:

Ao



and I = / € 1 dt with slmilar expressions for the
'z *

other ourrents. The equations of (B-l) are multiplied Dby

€ "Pt gnd by the ald of equations (8) and (¢) integrated

with respeet to t from a/w to Sfo to pbtaing

B o= /pe)] gy(a/e)e™ g /) & P 15001

L

. L [iz,f Bfco YeprPfom i (/) € "‘gxﬂ +PLI, + RI

RI = (1/pC) [ gg(/w) e P g /’fw}e“i?’g/“jdl/w}xg

. ig * II*_IL

The equations m‘-z} are then solved for I.:

| ; T
I‘T =pCE ¥ ol AR g//PC)
T R yPC
_2[i g et N i

pPL + A’(QF?Zm
K+ 1P<

ﬁx/gocz

+ /[~ /;?/pc} [fz(ﬂ/)e”ﬂ/m?’ (/)éa/ﬂ/,]

re ﬁy/ﬁc

. fﬂ%} T g e ”“"]

(B-3)
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Since i? ie zero in the intervals 0=t< a /o and Slo = t=wp,
the steady-state dlreet transform of 1% must be equal to ig
ag given in (B-3). '

Thus au?i 2 I (B=4)
Furthermore:
V2
= =/ €V L, sinwl «F
Xz
£, Rty
=/02+Z"[ r és/htrfwcam'}-é 7 @.ﬂ/x//t‘*td(as/) .

{B-5)

The expression for 5(1?},as given in {a»&; contains five
terme, the first of which represents the current flowing
through the first ocondenser anéd the seoond, the current flowing
through the industor. The third, fourth, and fifth terms
represent the effect of the condenser charges and inductor
surrent at the instants the tube starts and stops condueting.
These will be treated as unknown constants and will be splved
for later on.

One particular term of 8{1?) in (B-3) will be evalusted
by the use of the inverse transform as given in (2). This
will be the second term, and the others may be evaluated in

a sinilar manner.
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s
PA#—M

£+ LPC

= En (P * ’/Qd[é ésma’-f-wcasg) & ~F e st/”;—r-wcasﬁ]
L @'f—/w)(p-—ﬂ cu) CD-f-wM,)Oxp wm)

/ 2
where m, 3-—"“/—?-:_7 d =L )R
a}_‘ ?b 256 a aw h’z“z& éb/A&L .

The sesond term of i’l‘ is

Zr / Pt'E;q Q’*//Cff)[- P}V(Psﬂm'-fwcasc\) -€ P 695,,, Gt Cas/i]
d (/"*/c‘)(P“ﬂw) 67-;‘-&1}%}607;_ ‘U”(z}

e /f’.’fr e feR)feF A primsascos) - A peimpremcard]

JW S g o )t o) *
3

(2-8)

Both integrals of (B~6) have the four poles, -j«, +jJo, -wiy,

and -»wmz, and the residues at all of these poles must be
sunmed .

When 0= t <X/co, the second term of i, is



ez

- wf‘ & .
B &N b [ Crint cose)- " om s nse con]

IR D)

-

@t "X
- fm € * [ ( T, StHR +casq) elﬂzﬂ(,,!e StHé fCJSKfJ

¢" 2 7)o +/{/""/~/¢r)

_ {B-7) -
Let the guantity (B~7) be denoted by ;&1.
Whem X/w = t = G/~ , the second term of 1, s
L [ ) A eatr) [
G g) 4G o )Cimg)
| -Ma)f' wZ‘
+= € A (ﬂf.s'/im’-f-casé\’ L€ z /41’[6*"24’6%5/-,(4,_#(05‘:)]
é?'+)6%z~4) ﬁ@f+d@m—h%) '

Then B/~ =< t= P, the second term of i. is the same as
(B-?) except that the time origin is ahifma T seconds for-

ward.

B. The Eight Zguations

During the interval 0 =t < X/w , 1_ should be zero, and

T



this cenm be fulfilled if the contributiom (B-7) mm the sec-~
ond term of i‘i’ plus those from the other 'tam; of ﬁfiﬁ,} are
put equal to zersc., The coefficients of ~€”””“’f and of
e et
rirst two eguations of the eight that will have %0 be used to
deternine the eight unkmowas & , &, 9,(X /@), q (#/w),
Qp{x/w ), qpl G/ @), ty( &/« ), L, (£/w). The two equations

will emech become a separateeguation. These are the

are:

s /[ EX sy SIHEAH Casﬂ\)‘- <™ ( — sy, 5 IHBF ca.s/] )
/47 ¢

m‘we“’/"‘—'w”’/" el (D™ 1, Ge) =
{‘L(vf/) LG raom o) 67 -0 L (5-)

6;417) # A (,,, 5,;,,(-,&(/51:\)—— ( mz.sm/d+(asp'27
ey T e

In a similar manner by tiza use :af mg. 3, the direct
transform of i may be found, m eondition that m the in~
tervel, A /w = t = Bfw , f‘l must equal «CEy, ¢0scv t leads to
three equations which involve the &i«gmf unknowns mentioned be-

fnﬂ; These three egquations are:
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fio Lo e 0]

+(;{i)[ﬂ (%)é [ ﬁ(ﬂZ) & @'ﬁr}: ’0

(B-9)

where s different equation results for eaoh value of

vy =1, 2, 3. The three wvalues of n_ are cbtained by the

following method:

lt ?1 -
Fp = \;' Fz ~ Fyg
- l 1
wvhere Fo & o + ;
e
v (gg.. 13 4)
" @aa e®  ab® pt
s n =g

R '
n, 28~ ~ g (Fy+Fp) +d

1 1 ( .
- — = ?4’-?}»
ng =g g o1ffe) o

{B~10)

Z {7y - 7p)

)
- Py = »
P (Fy = Fp)

The starting and stopping properties of the tubes will

be aseé next to obtain the last three equations necessary to

solve for the eight unknowns mentioned previously.

The tubes

are assumed to stert conduwetling when the voltage aérass them



85

becomes zero, which, in effect, means that the valté&a across
one half of the secondary of the transrormer in Fig. 2 becomes
equal to the voltage of the first condenser. Expressed math-
ematlcally, this condition is

E, sin4 = qy (4/w)/C,
or q{Xx/w) = CEy simx . | (B-11}
‘The tubes stop aanéiwtmg when the current flowing through
then becomes zero or 1.( @) = 0. From Fig. 3, tils 1s
equivalent to saying that 1,( Gfw) = =i By
or SL( plw) = ~ WCBy cos & . {B~12)
Since at thie instant the voltage of the first condenser must
be equal to the voltage across one half the aeesndm of the

transformer,
Ey 8inB= gy (8/x )/c, |
or qy(B4 = OB, sin . (B-13)

C. The Solution of the Eight Xquations

The eight equations of (B-8), (B-9), (B-11), (B-12), emd
{B~13) will be solved for the eight unknowns « .}6 s q}‘{ xXfeoy,
4, (B/%), qgt a/w), qgl B/w), i{a/v]), and 1.0 Blewye &
slight change in the variables is desiradle for esse in handling
these equations, and this is;
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let 7=/ -«

| xy = '(wL/Em) /o)
xg = { WL/By) iﬁ 8 [Jeo )

AwL/E)) gl a /)

Xy = toL/By) we (#/w )

xg = (@ L/By) way( & /w )

xg = twalxmwglw/w:

"

(B-14)

w0 equations {B~8) become for v = 1, B

é{ _/_[) (”( 5/1(4/+Cd.5'4) (}tfy 5//,%*-(‘4;”27

€ X~ %z +”(V/;'/f“@ v 1/3]:0
The three equations (B-9) become for v = 1, 2, 3:

[, 1) / -7
[%2 € —ZJ-,-d(ZL-Iq,) [gg - € ( )7(1‘

L s, (77,
+m«, X € V(, )744]—'— a,

xguaﬂ:am {B-11), m;-m . ana {B~132)} become: |

{B~15)

{B~16)

x5 = a ging ‘ {B~17)
Xy = -8 0085 |  (p-18)
Xy = & sin 3 . o {B-19)
The next step will be to elimimate the complex numbers
ooeurring in equations (B-15) and (B~16). Two suxiliary real
funetions of ) that are symmetrical in m; and mp are defined:
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| - - s

G(zé ”{//);'é /4{24; 2e " cosmmpe T
- — 7 e X4

Gz_mle %, €

-7 , )
=Ze & (/%, Cosm P+ sy ST

o {B-20)
where if m, is a complex number, my = mjp-+jmy.. If the two
equations of (B-15) are edded together, the resulting equa-

tion has gomplex tém in 1it.

—62 s/im'-f-é; COSA+ ZLS/h/f Zeas 8+ %1_ +G, 6..&/_];(’

G Er It G- F05 ke Lal#+4)- G] -

* {B-21)
- Multiply the first equation of (‘anm) by m, the secgond by‘ Ry,
and add:

_6/ 5,-({9( +C7(§L.-6g)C050(+ZS/I{/@-—-§—Cosﬁ-[—[é_@_f(l_.a)az X,

-1 L2 .y

5 Ha)x, +(% z"z)f’ff [f-ﬁ(k%)g, 2, =0O.
. | (B-22)

- Similarly for {B-16), three suxilimy resl functioms of 77 that

are symmetrical in By, ng, B, are defined:
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A//zé—”’ - 7)-# e (ﬁx/r)-f- P lle 7

- =l - .
= (7 7)7‘_26 Hare (T 7?605 e (7/_“_7}7
—x, (- - — .
A e

:/16471(”"9){_26“ zxé"%ﬁcaﬂc(r_?]_f@c5,;?,,2((”.’75 \( (B"%s)

=L ~4 G2/ - - - —
e *zéE?’@C# @ajééethkék 7

L HCT) oY) .
: %o t ke . J

where ag.z naﬁﬁ-jnaﬁ¢

The equations {B-18) then become with the aid of (B-17),
{B-18), (B-19), and {B-23):

- % x3x~H# 2y = 4@—,@ )ca$/5' +a.5/’/m+dé-/’_ -4 )5/)7%
(B~24)
_.71){,4-2[-3(? M Ay = 4(2/,- -;gcas/—-zfs/lfa’wﬁ déi‘/z)'f/”/g

a ;(’ +24 Z?’A-/? 1/4 :f%gz—// ;o;/'24 5-24)5/4’“-(—4@/%" Zzﬁ;—f@f//ﬂg‘

The equations (B~24) ¢an now be solved for x;, Xg, and

Xye The first step will be to define the determinant
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p=| -8 ° *gx
I (B-25)
a &b ~Hy
Then x, = Kl o085+ Ky sina+ Ky #in @
Xy = x& co8 s+ Kg sina+ Kg sin /G (B-26)

X, * K, co83+ Ky sink+ Ky sin g
' =3 a® (BHy .. 3 -
“here X) = &/ a ( ! H) 3 -

a(em. - 1
a(&ﬁl.ﬁﬁ) : ‘Ks

a”g@g; " 39 -

K, =% e 3 -H
5 é ~Hy (B-27)
2a (:’g - 1) 2p  -Hy |

a @ﬁga-gg}fn@ 2 -H,
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, L1l 2e 3 & '*5 - H)
E=5" % (Es 1
-t 1 a(ﬂz - 1,)
N UntE
. &
a 2 u@ﬁzn 5 ﬁlfﬁs)

| With the use of the substitution X = 5~ 7 and put ting
{B~26) and (B-18) into (B-21), the fopllowing equation results:

..sg siao@—& cos f)’+§!
tan &, = 2 1 1 (B~28)
Gy siﬁ/)’i— % easo/-t— My
¥here
-t enfna-sfufi-al-togfonfi g f
(B-29)

/Z +/rz[62+él(/- 2]7‘/(5' @ -G, /~—~+b]+/l; bL(Z’;—aZ.,.Q]

M=+ - e i a2 s 7)) y

A similar procedure applied to (B-22) results in

!
-N, sin f)/+§§ cos 77+ ﬁl.. (B-30)

Gy siny’+ ¥, cos 7 + N,

tan/a’z Z -



where

Lenff G+(~2)6f-4 [3-+6(/——f)]+/r7[-f-—+ ]

A2 o] G ey [ 2 4]
R AL Gt ]Gt 242]
5= 6~ 6y)

-

/17
M=~

{B-~31)

—

D« The Nethod of Computation

The equations are now sulitadle for numerioeal computae-
ticon of individual points, and the method of solution for a
particular point is essentially the Tollowing:

1. %azﬁm the value of & and of b for the point to be

¢caleulated.
EP. , O 1 ¥ 1 ,
2. Caleulate wl == 755"’ (%5)2 ~ % and

B, eaiaélau ni end aa by means of (B-10).

4. Estimate the value of 7, i.e., the angle durimg
whioh one tube eonduets. Values of 77 obtained experimentally
were found very hhipml in this connection.

8. Caleulate gx, fig by the use a!’ (B-23).

6. Caleulate D fﬂm {B~25}.
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7. Csleulate Ky, Kp, Ks, Kq, Kg» Kg: Ky, Kg» Kg bY
means of (B-27).

8. Calculate Gy, Gp, G3 rzam.£§~ae}'anﬁ {B~31}).

9, Caloulate My, Mp, Mz Dy the use of (B-29).

10. Caleculate Ei, ﬁg} 3@ by means of (B-31}). |

1. ﬁalaalata,é& and g by the use of (B-28) amd (B-30).

12. If the two angles /?i and ,6§ as caleulated in part
11l. were the ssme, the value of 7 as estimated in part 4.
was correct. For almost all estimates of 7 the two engles 3
end /% , will not be the same. Then a new estimate of 7 must
be masde, and parts 5. to 12. inclusive carried through egain.
This procedure should be repeated until By and Gg are equal
eonsidering the acouracy of the tables and computing aids used.

The sequence of the above steps should be preserved since, for
example, part 7. requires the rsggits of part 6.

To illustrate the use of the above method as applied to
the caleulstion of a partieular point, the following was se-
lected from the ealoulations made for this thesis:

1. & = 0.6, b = 5.0 |

2. my = 0.1000 + §1.267, my T 0.1000 - J1.287

3. ny = 0.1001, n, = 0.04994 + jl.822

4. From experimental results o was estimated to be 100°,
The results of the remaining e¢sleulations for this point are
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shown in Table 5. The values of /31 ‘and /‘?'g %séra not equal

but were fairly close so another value of 7 was tried that

of 96°. It was known from previous calculations that if

Ay = &g, the first estimate of 7 had been tov high, end
that was the resson for trying 7 = 95% The resulte of the
caloulation for 7 = 95° are also shown in Table 5, ond now

/3y < (g, 80 the orossing point must be between ¥ = 100°
and 7'z 95°, If the curves of &y end 5, sre assumed as
straigat lines over the small variation im 7 from 95° to 100°,
the value of 7 at crossing ¢an be caloulsted as 99°5+,

 Bimilar caloulated values of 7 were obtained for other

pairs of values of a and b, and these are presented in Table 6.
Table & contains none of the values calceulated for the széwiai
cases considered in Appendiees C and D. The angle 2 may be
celculated onee the value of 7 has been obtained, by using
‘the scheme of ealoulation presented in Table 5. Sinece for
this value of 7 , % = g+ elither ) or F, may be taken
as the caloulated value of 5 . The angle & may then be Ob-
tained by thé relation K» 2 FZ~7 . Caloulated values of

both 7 and o are shown in Table 6.
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TARIE 5

Corputation of 7 for a = 0.6, b = 5.0
7 100° 05°
Hy -0.6734 ~0.8210
Hg 1.924 1.438
Hy 8,090 8,153
D ~131.8 ~136.4
Ky 0.5545 0.55%9
Kg ~0.2860 -0.1910
K 0.3575 C.2727
Ky «0.1479 - =0.09780
Kg 0.4978 0.517
Ky ~0,2438 -0.1868
Kg 0.7209 0.6968
Kg ~0.04958 -0.,01766
G ~1.,061 ~0.9047
Go 1.581 1.753
Gz ~1.075 ~1.180
M1 -2.114 -2,178
Mg ~2.433 2,491
Nj 0,8186 0.7346
Np -0,04837 -0.1035
N3 1.739 1.69;

8 1239501 118°5
I 1230g2" 120010
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TABIR 6
Caleulated Resulis for Various Velues of a end b

‘ r

a b 24 Ve X  Egqe/By per cemt Py
5.0 1.0 134° 155“55* 4936+ 0.845 2.046 5.213
2.0 5.0 639487 99956 sﬁza' 0.8142 2,163 11.63

2.0 2.0 @gﬁas* 11729 1? 351 0,7043 4.337 7,13

1.0 5.0 66°45* 100°43+ 33%s8* 0,79356 5,73 11.09

1.0 2.0 1070 1220100 15“19* 0.888  10.82 8.956
1.0 1.0 14702 150°g0" 3°28* 0.6438 12.58 4,94

0.6 5.0 9905 122047+ 23040 0.6927 21.42 10.32

0.6 2.0 132033t 143939 1197t  0.8657 £27.00 5.96

0.6 1.0 155° 158%21 ¢ 89z  0.641 24.69 4.55

any oo o° 900 90° 1.000 0 co

value
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B+ The Average Output Voltage

The ratio of the average voltage seross the lved resistor
R to the maximum value of the sinusoidal voltage across one
half of the transformer secondary Eg,/E, can be aaleﬁlatea by
obtaining first the average current I flowing through the
load resistor R.This is the same as twice the average surrent
flowing through each tube, and this fsot will be used in finmd-
ing the expression for I, When the ﬁgﬁ'atiaa (B~3) is evaluated
by mesns of the inverse transform, the following expression is
obtained for the tube eurrent in the interval K/w?— téﬂ'/c# H

i?g%{ a egfwt+g sim (wt -2 )

. e— M,(&df"d)
+m7—‘ M2+/ ( mS/HK+C05A)+MZ X - ,_l]

o Hart-s) (B-32)
”7 "y é‘?( -, 5//m+645¢\)+fr/7(, - ]
’ 2

where ..é is the impedance magnitude of the part of the filter
after tm first condenser and A is the phase angle of this
impedance. With the aild of (B-15) the average load current is

i | .
1= %’:Z ig ﬁi‘dﬂ’% E"% a{ aiaﬁnsmoc)»%{aa&;«-easwh%@-@-(g-xé{
or | | :

wa sz =L[t (s4m i stnn)elxe g o B .
xaa/ﬁm“;[{ ebsx ~¢088)+b{sinf-sinn) +{x1~xg}~ E{xawx‘)] .

(B-33)
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 For s WMﬁﬁu‘a and b, when /3 is calculated, the numbers ww” ﬁw.
Exs K4y Ks, Kgs Ep, Kg, snd Kg are also obtained. From (B-26),
Xy, Iy, and xy may be calsulated, and x, cen be obtained from
(B~18). With these values found, the ratioc B, /Ep mey be cal-
aﬁww»ww from ﬁmxmww, Table & glves maaxwa for various values
of & end b. |

P. The Per Cent Ripple Voltage

The per o¢ent ripple r is w«mwwna a8 dDne hundred times
the ratio of the effective value of the mﬁﬁ»@aawwnw ripple
voltage aorcss the loed resistor R to the average value of the
ﬁawwnwa mawcma.nwa,wmwa load resistor. The method of obtain-
ing the ripple voltage will be to caloulate it aorpse the first
eondenser us ing Fourier series aa«w&wawuﬁwmnuﬁwm then since
- only one frequenscy, that of the wﬁuﬁwmaﬁnﬂw;wwwwwn voltage, is
%maﬁwwgkﬁ ordinary a»waﬁaa snalysis may be used to find aw&
ripple voltage mamwnu,mw» loed resistor. In the derivation of
{B~9), the instentaneous woltage e, aeross the first condenser
was obtained. In the interval ( G/~ -T)= t= X/, this
voltage is |

H’Q\M e #y (ot s@ﬁﬂﬁ!l\\.\\ﬁ. 1 ,w+ﬁU|§Nv %
4 m ~ ﬁ\A\\-\*NI N\& mw‘%ﬂ*v
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vhere @, = m), g = m,, and in the interval A/w=t= gl

&= E sincwt.  (B-35)
The Fourier series for e, is _
e = By +E, sin 2wt +E, 008 2wt auiien {B-36)

where P

E‘z#/ ¢, sin 20t d(wt)
;/3—,@ | | (8-37)
E, = ;/}[r e, co8 20t a(wt).
Equations (B~37) may be evaluated by the use of (B-34), (B-35),
and ts—m to obtaia |

£,
g 77' [05//{20( 20, cos2x+ L) sinREBHR L, C”SZ_] w
L. .
1‘2 5/’(/),‘5/’79*Z{é//13/3~f/)r5’0\2;
‘Ej:—; 24[-19,60520( +ZP; sInZex + L caSZ[f‘—ZQfS/'”Z/fy
* 2'/ Cosis —Casﬁﬁ—zi(casfﬁ~ ca.s..?oQ} J

where 024(4—?924—/5@-2)2 _\
) o[ (f*/é"’“’L)*—g z"")*dzJ
Z 'i[’zé’f'yze —‘ﬁ) "5‘(2—-/-1‘—’2 7’——’/527
[[ﬁ+/g—f—_-)+£s@_-¢) e (B-30)

[ & ox(i2)- (e 4 75 6]

)

o

0,=

M\



The guantities X and X, may he calculated from (B-17) snd
(B-19}, Dg» BI' Dyy Dy, and 34 may be calculated by means of
{B-39), and Ea/ﬁm and Ea/gm by use of (B-38), The effective
value of the funéamental ripple voltage aoross the first con-
denser is :

7%! /E:‘-i—ﬁif?

This voltege is applied to the rest of the filter circuit cone
posed of the induetor in series iith the parsllel combinstion
of the second condenser and the 10ad resistor., By ordinary
e¢iroult analysis for one frequency it can be shown that the

L ratio of the cutput voltage aseross the 10ad resgistor to the

input voltage is
da - 3

2
1 1 . 1)
and thus the effective value of the fundamental ripple voltasge

across the 1aad‘§e$istér R is

: 1
1 z_ 8 =
"""\{? Es + Ee ) :

1 /Eg E 1
T, T
r=/d0 ‘*mgéaf%m T 1 ;g- » {B~40)
3 /;*§+<' - ;ﬂ
4v* (da~

end it is given fer'vari&as values of a and b in Table 4.
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G. The Pesk Tube Current

The ratio of the pesk to aversge tube current P_ is use-

T
ful in selecting the tube to be used or in selecting the
oopetants of the filter cireuit t0 be used with a given tube,
The peak tube ocurrent i, ocours at ¢t =«/w , and 1t may be
evaluated by putting this vslue of t in {B-38):
E
1 = B (acosx+x,) .
B aia( 1>‘

The ratio of peak to average ourrent is

% s amzaxé( +— ﬂxlfa}
Ego/By

This ratio has been caloulated for various values of a and b,

and the r:salta are given in Table &.
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XIV. APPENDIX C-~THE SPECIAL CASE OF a—>c0

A. The solution of the Circuit Equatioms

The spedol al case, a-—~0o , implies that the inductanee
L is infinitely largs and that the current iL is constant
and egqual to the average load current I. The eirscult equa-
tions oblained from Fig. 3{a) become

1, 21=1 | a

9y/0 = IR and 1, = 0 |

Ey 8in wt T gy /C

1,1. = 3,1+X = cocE@ cosco £+1, : J

b (e-1)

The equations (C-1) are valid im the interval d/w=t=F/w .
By the use of Fig. 3(b), eircuit equations which hold in the
interval G/w = ¢t = P+ X /co) may be obtained. These are

13 = -1

Tt -1
a3/C = IR and 1, = 0. - (c-2)

0 obtain the equation for the tube condueting emgle
7, it is necessary to follow the action of the first com-
denser during Ome-half oycle. At t = &/, the tube starts
eonducting, and | | |

q,(&x/w) = CEy sinx. | (c-3)
In the interval of comduetiomn, X/w=t= G/w:

qltt) 2 CE, sinwt. (c-4)
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¥rom (C-3), (G-~8) and (C-8)

Bao/B, = blstng- sinx ) . C{e-11)
T |

From (€~9) -
Eqo/Bp =

cosx - cosl+{r-7) 8inl

{(c-12)

The three equations (C-10), (C-11), and (CG-12) become by the
use of X =F. 79 and by the elimination of E&g/ ‘Bm* the follow-

ing equations

Jﬂ*ﬁwm”& - ’ﬁﬂ‘*‘{l/z}{mﬂ ~(1-c087)  (C-18)
1 « cos? T ’)’+amo’

tan @ =~

The part of {C-13) involving 7 may be manipulated into the
form |
1 ‘ k sin 7 2 | | i e
bz g |lrm=7) I‘m)-f‘ﬁ {0-14)

which gives 7as an implicit funetion of b,

B. The Calculation of the Characteristics

The first characteristic curve desired for this speeisl
cage 1s that of 7 versus b. Such a ourve can be oObtained fiom
{C~14) by sssuming various values of 7” and ealeulating the

eorresponding values of b, The results of this caloulation
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are shown in Tsble 7. For values of b < 8/m = 0,6388, the
analysis above does not hold, and this case (the non-out-~off
¢ase) will be discussed wﬁmwwan on in this sppemdiz. The
angledmay now be csleulated from (C-13), and the anglex
from X = 3G - . These are alsdo presented in Table 7.

TABIE 7
Caleulated Values ror the Specisl Case a-»oo

® Q\ o . & Eqo/En Py
oo 0%0* 90°00'  90%00*  1.000 oo
79.8.  18%0' $0P42' 74%2' 0,972 45.23

22,08  30%00' 92028 62%m'  0.948  £3.47
9.58 45%0* 95%s8+ 50%z8* 0.893 15.38
- 5.04  60°00* 98935 39035*  0.838 11,26

2.008  90%00* 111915t @ 21915 0.738  7.l42
1.000 124°38* 131913 69361 0.659 5.0186
0.862  135%0' 138949 3049 0.648  4.655
0.6366 180°%0* 180%00* 0%0" D.58688  4.000

The ratio of the aversge voltage aoropas wg 10ad resistor R
to the maximum gwwm of the sinuscidal voltage aocropss half
of the trensformer seconiary Eqe/E, may be calsculated from
(c~10) ana@ is presented in Table 7. The per cent ripple r
across the losd resistor R is defined as the ratio of the
sffective fundemental ripple vpltaze aoross the 10ed resistoy

to the average voltage Ejq 8oross the seme loed resistor.
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For this speciel case the per cent ripple r adross the load
resistor is gero for sll values of b, The pesk tube current
is |

»H = WCE, cosx + I,
and the ratio of peak 10 average is

Pp T 2y/T = ww%a«u,x. + 2 {(c-15)
The ratio has also been calculated and is given in Table 7.

. For 0=Db=2/7" = 0.6386, each tube conduets 180°, and
this is called the nop-out-off oase because the o¢ircuit no
longer stops ourrent conduction or cuts~off the flow of ocurrent
in the tubes. For all values of b in this range, 7 = 180°,
= 180°, X = 0° B4 /B, = B/m S 0.6366, and r = 0,
Since the instentaneous eurrent in the tube is

1, = OB cosco t +1I,
the ratio of peak to average tube current is
= br+e | (c-18)

Pp
which ranges between 4 for b = 0.6366 to 2 for b = 0,
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XV. APPEEDIX D~THE NON-CUT-OFF CASE

A. The Caleulation of the Boundary Values

The Tirst part of this sppendix will be devoted to the

finding of the boundary between the cut~-off =nd pon-cut-off

cases, The tube current ig has its minimum point at ¢ = ¥,

and on the boundery the tube current should Jjust reach zero.

Put ting 1, 0 at t 3 T in (B-32) glves:

-a+ (1+20,) g sinA -2U,g eosh =0
whe:e

; . / L
l),:: LT (BT e <
7, — s, ~t21,, 7T e T
7
2 E TR Zepsmw+E ™

¢ o
) S (S — b T
o ) A 5 i
- = <
2 - : e L e ‘
7~ P € ~Zcosme™ +€ €

{D-1)

(D-2)

For a given value of a, {D~1) may be solved for the corres-

ponding value of b which gives a point on the boundary de-

tween cut-off end non-cut-off. The equation {D-1l) cannot

be solved explieitly for b, end e grephical method of solu-



io8

tion was used, This method is glven in outline as follows:
le« For a given e, estimate the value of b, BSince wﬁ.
‘the a—>cocase, on the boundery b = 2/ , this valus of b
¥s8 ususlly the first estimsted value.
2. Caleulate m, and m,.
3. Caleulate U, and Ug from (D-2).
4. caleulate [see (D-1])] -
y ® -8+ (1+ mmwmw g sin\ - 20, & cosA . {D-3)
$. For other estimated velues of b, repeat parts 2, 3,
and a;,
&, Plot y ggﬁm b, end where y becomes zerc is the re-
guired value of b,
A number of the pair of values of » and b on this boundary have
been caleulated and are glven in Table &, Mw for. & given a,
the chosen » 1s ,mwggn. then the values given in Table 8, the
tubes conduet less than 180%, snd the ocut-off

‘TABIE 8

points on the Boundary Line Between
the Cut «Off and Hon-Cub-Orf Cases

- | “muﬂ
o0 0.6366 4,000
5.0 0.6410 4. 087
5.5 0.6380 4.009
2.0 0.,56358 - 849683

1.0 0.6140 3.859
0.8 0.5700 3.562
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case aprlies, If on the other hand, the b is lééﬂ’than the
values in the table, the tubes conduct through 180 degrees,

and the non~eut-o0ff casge should be used.

B. The Caleulation of the Characteristies

The tube angles sre constant for the non-cut-off case

and have the following valves,

Y= 180°
A= 180 » (D-4)
A= o° |

The rAatw Eéglﬁm is constant and is egual to 2/mr = 0,.6366.

The ripple » varies with 2 and b and may be caleulated by

the use of {B-38), (B-39), and {B-40} to obtainm
_47:14 ,

“ [ - Y =

Since X ® X, Xz ¥ X4, and Xy = xg for this case, equations '

{B-15) give o
| . ., /& = m’l - 1+ ~m}‘”
et/ = B (A2500) e

¥

m Xy~ (xz/a) = 1 i+ ‘?*%Tr) .
o ﬁs‘ﬁ*_ 1 \1-e-R2™

The tube current may be Obtained by substituting (n-6) into
{B~-32):
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c% = % a coscC + 7 5/'11(4,7_‘ —;A)
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The maximum tube current i, oecurs at t = 0, and the ratio

of pesk to average tube current is P_= azﬁfx, or from (D-7)
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Onn the boundary between the cul-off andé non-eut-off cases
{D-8) may be simplified by the use of (D=3):

Py = 21mb. ' (p-9)

Equation (D~9) checks with the result obteined from (B-41),
apd the values of Py on the boundary ealoulated frem (D-8)

are given in Table 8. When d = ¢ {short-cireuit), p_= 2.0,

T
as given by {(D-8).
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